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Scattering From a Lossless Sphere

Xi (Ronald) Chen} Carl E. Baum,
Thomas Hagstrom and Edl Schamiloglu

March 13, 2009

Abstract

We study fundamental issues in electromagnetic scattering theory,
with an emphasis on pole behaviors of a lossless sphere arising from
the singularity expansion method (SEM). We use Mic Theory to solve
the acoustic and electromagnetic scattering problems for spheres with
lossless boundary conditions and an incident plane wave. We show
that for certain lossless sheet impedance boundary conditions there
exist second order poles for both cases. Our general procedure to
directly construct lossless sheet impedance boundary conditions which
will produce high order poles is discussed as well as the difficulties
to which it leads. In the electromagnetic scattering case, Foster’s
Theorem is imposed on the impedance condition to ensure that a
lossless scattering problem is obtained. We also study the validity of
the forward-scattering theorem associated with SEM.

*This work was supported by the Air Force Office of Scientific Research (AFOSR)

20090325273




1 Introduction

The singularity expansion method (SEM) [2] was introduced in 1971 as a
way to represent the solution of electromagietic interaction or scattering
problems in teris of the singularities in the complex-frequency (s of two-
sided-Laplace-transforn1) plane. Particularly for the pole terms associated
with a scatterer (natural frequencies), their factored form separates the de-
pendencies on various parameters of the incident field, observer location,
and scatterer characteristics, with an equally simple forin in both frequency
(poles) and time (damped sinusoids) domains.

The forward-scattering theorem is a classical result in electroinagnetic
theory. A recent paper [4] has generalized tlie forward-scattering theorem
with particular application to lossless bodies. From the forward-scattering
theoren: we have relations between the absorption and scattering cross sec-
tions, and the forward scattering. The scattered fields are represented by a
scattering dyadic times the incident plane wave. This allows one to refor-
mulate the results in terms of the scattering dyadic, exliibiting some general
characteristics of this dyadic. It is extended (for lossless scatterers) by ana-
lytic continuation away from the jw axis out into the complex s plane aud
applied to poles in the singularity expansion method. In particular this gave
new insight into the scattering natural frequencies and modes, also implying
new ways to calculate thiem from the scattering operator in the right half of
the complex s—plane. This gives new iusight into the properties of the poles
(natural frequencies, s,) in the left-half plane and the associated natural
scattering modes.

Although in practice, we only encounter the first order scattering poles, an
interesting question concerning the SEM and the forward-scattering theorem
concerns the existence of higher order scattering poles. Carl Baum showed
that 2nd order poles can be constructed for a transmission line problem [6].
Sinee the transmission line problem is finitely dimensioned, we can actually
use the scattering matrix to find the poles (i.e. the eigenvalues). However, in
general the problem is infinitely dimensioned. Thus, we consider a classical
model problem, scattering from a sphere with an incident plane wave. We
compute the exact solution using Mie Theory. In [2], Carl Baum showed that
for a perfectly conductor sphere, there only exist first order poles. Sancer
[12] also proved some similar results for a general shape scatterer.

We show that for the acoustic scattering problem high order poles can
be constructed for certain impedance boundary conditions, while for hard




and soft spheres there only exist first order scattering poles. The general
procedure to construct arbitrary order poles is discussed as well the nec-
essary condition for the conservation of energy to the scattering problent.
For electromagnetic scattering from a sheet impedance loading sphere, we
show that there exist 2nd order poles. Foster’s Theorem is imposed on the
unpedance condition to ensure the scatterer is lossless. The existence of a
2ud order pole for a transmiission line scattering problem is included in sec-
tion 4. Some analytical and numerical treatment of the forward-scattering
theorem is presented in section 5.

2 Scattering from a lossless acoustic sphere

2.1 Introduction

In this section, we are considering the following probleni. An incident plane
sound wave is propagating in somne direction with the scatterer being a sphere.
The scattered solution can be written explicitly using spherical harmonics.
However, the thing we are really interested in is to explicitly solve tlie prob-
lem using SEM and to study the scattering pole behavior of the solution.
By putting different boundary conditions on the scatterer, we are able to
coustruct not only simple poles but also 2ud or even higher order poles.
Meanwhile, we always keep the impedance fuuction satisfying the Foster's
Theoremnt, so that it remains a lossless systenr.

2.2 Formulation of the acoustic scattering problem

Cousidering the linear acoustic equation [11]

%f-l—pov-u—() (1)
v
pov)it+Vp70 (2)

where p is for acoustic pressure, p is for density, v is for fluid velocity, ¢
is the speed of sound. We want to solve for the scattering solution to the
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Figure 1:
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above equation with an incident plane wave and some different but lossless
boundary conditions on the sphere. We will use the expansion in terms of
spherical harmonics to solve the equation in order to locate the poles. In
fact, this is just the SEM in the acoustic case. Let’s first derive the wave
equation from the system above, so that later on we will treat the problem
mathematically, temporarily disregarding its physical meaning. Plugging
p = c*pinto (1) we get

op

—= 4 poc?V v =0 (3)
ot
ov ,
/)()E +Vp=0 (4)

if we 2(3) and plug in (4), we get




o2 :
82
= a_tf AV2p = 0 (5)

similarly for v, we £ (4), and plug in (3) we get

o%v 1 9
P & EV(_pO( V-v)=0
Fu
= W—CV(V'I')=O

assume v is irrotational i.e. V x v = 0, then V(V - v) = V2u. We get

P ey
— —c*Vv =0 0
py (6)
Thus if w is either p or v,
Pu oo
— —c*Vu=0
ot?
Taking the Laplace transformation we get
S -
(7)

(V2 - )4 =0, where y=-
G

Assume the scatterer is a ball with radius 1 and impedance boundary

condition of the following form

5
- ‘ =1 (8)

where n 1s the outward normal.
Assumne the incident plane wave is in the z-direction i.e.

,[L(in(:) _ (—7(0,0,1)v(1:~y,z) —e 1 (())

We want to solve scattered solution #(*explicitly according to (7)(8)(9)
and study the pole behavior of the scattered solution #(*?).




2.3 Hard and soft spherical scatterer

First of all, we want to relate the mathematical impedance function a(v)
to the actual acoustic iimpedance Z,(s). Units of acoustic impedance are
Pa-s/m or kg/(m? - s) By definition

AL . L PV (L)z

o(r, 8) - Ny

where p, ¢ are the Laplace transforms of p and v, and n;, is the inward
normal. Take the Laplace trausform of (2), we get s¢ + ﬁVﬁ = (0. And then
take the inner product with outward normal direction n , we get

= — = —pgst-n (10)

Then acoustic impedance can be written as

5 p p
Z(s) = = =
( ) {AI o 71:1'1,‘ (5)721 pnb

Inn our formulation, if we plug (10) into (8), assuming we put the impedance
on pressure(l.e. u = p here), we derive

~

p PoS
= - — U
D Ny a(s) (s)

which relates the mathematical impedance condition to the real acoustic
mpedance boundary conditionn.

The infinite specific-acoustic-impedance himit |Z| — oo corresponds
to a hard(rigid) surface, the limit |Z| — 0  corresponds to a soft(pressure-
release) surface. Thus, for a hard sphere the mathematical impedance bound-
ary conditions become % = (0 and % = 0 for the soft sphere.

For detailed computation of the following please see section 5.

0
l’*l(in') — e — yreosl _ 2(2’7 + 1)(—1)"1'”(")‘7‘)1)"((“0.% 9)
n=0




o
i = 3 Y Gk ()Y (0, 0)

Where k,(s) is the modified Bessel’s function, a, () is a coefficient to be
determined.

Applying the impedance boundary coudition for hard and soft spheres
respectively, at r = 1

n ~(sc) ~(inc)
duhard - _au’hard
on on
~(sc) _ ~(inc)
soft — " Ugoft

n is the outward normal, i.e. r in our case(splere).
We derive the scattered solutions as follows

g i (=120 + D[yin (7))

Upard = ; kn ’)’l) P-”(C()S 0)
tard = 2R ) :
Aiof)z = Z (=1) (An(—’f—) )rin(7)] kn (1) Po(cos 6)
n ")‘
n=0

Since the modified spherical Bessel functions k,, and their derivatives only
have simiple zeros [2], for both the hard and soft sphere scatterer, the solution
only has simple poles.

2.4 Lossless impedance loading of a sphere

Cousider the total energy in the usual mathematical way

Ep = // /%(uf + [Vul?)
/.




dE
L ///ututt+VuT-Vut
dt !
D
= ///ut(utt == V2u) + /Ut'll,u
D oD
e
aD

and the net energy flux is

f o T3

where in our case D is a sphere. Plugging in our iinpedance boundary con-
dition, the net energy flux becomes

. /d D/ sal2) iy, )

For a lossless case, the total energy change should be zero, which immplies

[ (11)=0=>(11) should be odd = a(s) should be even, Z(s) odd. Math-
ematically, this condition is necessary to guarantee that energy is conserved.
However, in order to extend our results later on, we need 1nore constraints
on Z(s) or equivalently on «(s). Namely, we want Z(s) to satisfy the Foster
reactance theoremm which we will discuss a little bit later.

2.5 High order poles
2.5.1 2nd order poles

The general expansion (see section 5 for more details about the calculations)
of the scattered solution can for our impedance condition can been written
as

_ 3o (UM en + Dlals)ints) + sib(elly (3 cos

a(s)k,(s) + sk (s)

Assume ¢ =1 here, soy = s

n=0




The far field pattern of the solution is

_sp 0

o) _ € (=)™ 20+ 1)[a(s)i.(s) + st’,(s)]
v T Z s{a(s)ky(s) + sk (s))

P,(cos 8)

n=0

In order to construct a second order pole we need both the denominator
and the derivative of the denominator for the scattered solution to be zero
at some specific s.

That is, the denominator=0

sa(s)k,(s) + 52—5’; s ls) =10 (12)

and the derivative of the denominator=0

v d d d d?
a{s)k, (s)+s (Ea (s)) k, (s)+sa(s) Z;k" (s)+2 sgl\tn (S)+32d?k” (8) =0
(13)

Note that we do not want to solve thie above system of ODEs, because
we only need the equations to liold at one specific s for some pre-chosen
impedance boundary condition a(s)

By using Bessel’s equation itself we can replace

d? d :
.9235—2&, YRS QSE;k,, (s) = (s +n(n+1)) ka(s)

Solve (12) for 4Lk, (s) and plug into (13), we get
d 2. .2
ky (s) (s T () +a(s)—a(s)"+s"+n+n)=0
s
for k,(s) # 0 we want

s’ +s°+a+n(n+1)—a®=0

Choose n = 1,ky(s) = Z&tle™s
Solve (12) for afs), we get




Solve (13) for a'(s), we get

s(s+2)

a(s) = 5——F——
s2+2s5+1

Note: We can not differentiate a(s) here, since it’s just the value evaluated
at s, not a function.

The solution we derived above simply means that, if we want to construct
a 2nd order pole at s, the impedance function a(s) should be chosen

1. a(s) Even function

2 +25+2

2. Value of a(s) at s equals =35

s(s+2)
s2428+1°

3. Value of o/(s) at s equals

Let’s build a concrete example to verify the above results.
Choose s = =2, then a(s) = =2, &/(s) =0
Assume afs) has the following form

) + ¢ 52

1+ (7332

afs) =
after some calculation we get a(s) = -2
The denominator of the scattered solution ¢ for n = 1 is
7(s+2)% _,
T+

—2sky(s) + s°ky(s) = o
S

Thus, we have a 2nd order pole at s = —2.

2.5.2 3rd order poles

The process is similar to the 2nd order pole case. We want denourinator,
denominator’,denominator” =0 at some s.

sa (s) k, (s) +521kn (s)=0 (14)
ds
d d d o
a(s) ky (s)+s <(1_s” (s)) ky (s)+sa(s) Ek" (.s)+2(s;1:k:,, (s)+szmk” (=10
(15)
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2 (00 5 (9) +20() 1k ()45 (300 ) k(9 25 (0 (6)) 20 (0

& d > ) & ,
+ s (s) Ek,l(s)+2£k (s )+4ad = ki (s) + §° o —=ku(s) =0 (16)

By computing the derivative of Bessel’s equation we get

B ) = e 8]~ e T D i () (e T )
S TR \S) = =S5 Ry (S)—2 7 Rp (¢ SRp\S)}t+1|s d T Ru S
dss ™ \® dsz "\ & ko (s) (5" +n(n ds (
together with
As2d—2k (&) =2 sik (s) = (P +n(n+1)) ki (s)
(15‘2 TE A" i ({6 T . T
and
d s}k <
T (s) = - L D)
ds s
equation (15), (16) reduce to
d
kn (s) <a (s)+ s () = (a(8)? + 2+ n? + n) =(0) LT
s

b 9) (200 (o) s ma(s) -2 (Ra()a() +25) =0 (18)
i 8 el Sd sa (s 70 a(s))al(s s = (
solve (14), (17), (18) for a, @/, " respectively, we get

s%kn(s)

a(s) = — ko (5)
= =2 (L ky, (5)) kn (5) = 52 (Shn () + 82 (ku (51)% + 12 (ki ())% 4 1 (Ko (5))
S st ()

11



25) = 2= (20 ) Ga =260 ) (s 0)) 402 a0

S S
d ’
+ s (-l—k” (5)) n (l\n (5))2 +s (d ko, (5)) )) }/S (]'” (
as
Choose n = 2, ka(s) = % uiﬂ'—ﬁa), we get

_33+4s2+93+9

T 8243543

_s(s® +65% + 125 4 6)

T (s2435+3)2

6(3 + s* + 65% + 9s)
(s2+3s+3)3

a’(s) =

Again, the solution we derived above simply means that, if we want to
construct a third order pole at s, the impedance function a(s) should be
chosen

1. a(s) Even function

53445249549

2. Value of a(s) at s equals =5

5(s346524+125+6)
(s243s+3)2

6(3+5°+6s2+9
4. Value of a”(s) at s equals J(—jﬁmsiw

3. Value of o/(s) at s equals

Let test oux results again with s = —4. Thus, we require a(-4) = —

o (—4) ‘E’ a"(—4) =—ﬁ
Assume «f(s) still has the following form

c1+ 6282

Gl 1+ c382

12




we get

47 15y 22 2 94
ofs) = —% ~ 55 _ — 1l +55)
1+ 282 s2 4 54

The denominator of the scattered solution 4*?) for n = 2 is

me (s2+3s+12) (.5-1-4)3
2 52 (54 + s?)

Thus, we have a 3rd order pole at s = —4.

2.5.3 Aribitrary order poles

In principle, we can follow this procedure to get poles of any high order at
any specific location. However, the computation will become messier and
messier. It will become more clear to construct high order poles if we try to
view this process using Taylor expansion around the pole s,,.

First, let’s introduce some very nice properties of the modified Bessel
function [9].

ki(s)

ékl(s) =s+ 1+ 5/(s)

where, for [ # 0,

We also have the following continued fraction representation for S:

S I(l+1) 1
Si(z) = 5 . +1)—12
£+1+ 4(z424 D 23
4{z4+3+...

Thus, it is possible for us to rewrite

13




==

1 -5
His)e

kl(S) = kl(2)(b) S

where, k}l)(s), kl(z)(s) are just polynomials in s.
Suppose impedance function a(s) has the following form

ols) (s 4+ ag)(s® +ag) -+ (s* + ap) . ay(s)
s) = —c¢ = —c——
“ (82 + (ll)(32 + Clg) N (32 + Clgn_l) & (1/2(3)
where, ¢g > 0,0 < gy < a1 < @3 < -+ < Qop_g < Qo1 < Aoy < 00,

k =2n—2o0r2n, and ay(s), aa(s) are of course polynomials.
For example, for 2nd order pole we need 2 free parameters, thus «(s) can
been chosen
als) = —co(s? + ag)

For 3rd order pole we need 3 free parameters, thus a(s) can been chosen

(s + ag)

a(s) = —c
( ) 4 (,5'2 + (11)
For 4th order pole we need 4 free parameters, thus «(s) can been chosen

(52 + ag)(s® + a3)
(s2+ap)

a(s) = —cqy

The denominator to the scattered solution @9 can now be written as

1 -
kP (s) e s( ai(s)
L o A
k,(lz)(s) 8 az(s)
[f we want to construct a j—th order pole at s, we just need to choose the
correct power of aq(s), as(s) and let n = 7 — 1, and rewrite the numerator

using Taylor expansion around s,,.

¥ s+1+.§‘n(s)) (19)

kD () ((70(1/1(.5')(2”(5) + (,,2(5)13”(5)) =3 Bils — 5,0 + O((s — 5,)') (20)

1=0

where s + 1+ Qn(s) = J—g"(z))




Choose cg, ag, a1, ... aj_z so that 3; = 0 for i = 0,... 7 — 1. Note that
we always want ¢g and a; satisfy our assumptions.

Thus we construct a lossless impedance function a(s), which will produce
a j—th order pole at s,. One might ask: Can we always get a solution which
satisfies all of our assumptions for arbitrary s, < 07 At least, in our case,
the answer is NO! There will be some restriction on s,.

Let’s go over the 3rd pole again using the Taylor method to get a better
picture of the procedure and the restriction.

We are constructing 3rd order pole at s = s,,50 j =3, n =2,

__ (s*+a)
o) =—e(ayy)
k2(9)=§(8 +;323—|—3)

Pu(s) 8442 +9549
Qn(s)  s2+3s+3

s+ 14 S,(s) =

According to (20), the zeros are contained in

(s* + 3s +3) ((‘(32 +a)(s®+354+3)+ (P +b)(P +457+ 95+ 9)) (21)
expand (21) around (s — s,), we get the coefficients

Bo =

$p' + 18¢s,® + Ths,* + bsp® + ¢5,% + 6cas,® + 9esp? + 248,° + 75,5 +
15 cas,? + casy® + 48 s, + 6 ¢s,° + 54 5,> + 24 bs,® + 15 cs,* + 54 bs, + 18 cas,, +
27 5,2+ 27b + 48bs,> + 9ca

1{1 =

54csp? +75,° +30cas, +4cas,® + 6¢s, + 162 5, + 18 cas,? + 120 s,* +
30¢s,* + 18 ca+ 72bs,* + 28bs,* + 18cs, + 42 5,° + 545, + 96 bs, + 192 5,° +
5bs,* +51b+ 60cs,”

By =
72bs, + 6cas,® + 1625, + 54 cs, + 15¢s,* + 18 cas, + 21s,° + 105 s,* +
27+ 15ca +60cs,® + 48b+ 240 5,° + 9 c+ 10 bs,* + 288 5,2 + 90 s, % + 42 bs,?

15




Solve 3y = ) = B, = 0 for a, b, ¢ in terms of s, we get

5% +125,° +815,* +3155,° + 6485, + 648 5, + 216
B 38y + 285, + 99 5,2 + 153 5, + 96

+9s5,* +355,°+ 725,24+ 725, + 24

b=32
B 8,3+ 95,24 2Ts, + 24

35, +285,° + 995,24+ 1535, + 96
8,9 §- Oig 21 27 5, 24

94
1

BI=
If we choose s, = —4, then a = b =54, c = 11, clearly ¢ > 0, and
b&€a<b<oe

—11(s2 + &)

a(s) = — > 11
s*+94

which is the same as we showed before. In fact, if we choose s, = -3,
then a, b, ¢ will not satisfy our assumptions. If we plot a, b, ¢ in terms of s,
we will see that in order to satisfy all the assumptions, s, can only be chosen
approximately s, < —3.2. At s, = =3, a will be negative. For the more
general case, we can also use this graph to determine the range of s,. For
example, in this case, the range of s, will be the interval where the graph of
b is above a and all of the graphs a, b, ¢ are above the x-axis.

2.6 Interpretation of the Results

Our prototype here for scattering is a constant-frequency plane wave pro-
ceeding in direction e,. The overall acoustic pressure is written

p(s, 7, 8) = "N s,1,0) + (s, 7, 0)
where p"9 (s, 7, 6) is the incident plane wave and p*9 (s, r, ) is the scat-
tered solution(wave’s complex anplitude). The function p©*9) (s, r. §) satisfies
the Helmholtz equation and the Sommerfeld radiation condition.
For a hard surface scatterer we require

Vﬁ =0 = vz‘j(sv) .n = —Vﬁ(i"” .

For a soft surface scatterer we require

16




Figure 2: plots of a,b,c
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I*) = = ﬁ(s(‘) . = _I‘j(in() .n

where n is a unit normal vector pointing into fiuid.
If we assuine the scatterer is a sphere centered at the origin with radius
R. We have

(sc) ZX (=1)"*(2n + 1)[yi (vR)]

Phard = ; k'n v [)” (‘.()50
S vk, (YR) (1m) Fuleos )
) _ s (=120 4+ D yin(7)]

Pooft = kn(yr) P, (cos 8
2T TRGR kPR

The poles of ﬁ};)d’soﬂ are all simple as discussed above. Since 7*) have
exactly the same zeros as p*“does, we will just talk about p¢*?) here.
If the sphere scatterer has a specific-acoustic-impedance (neither soft nor

hard) condition (equivalent to a{s) = —2)
oS
Z = ——
(=22
theu

-1)**(2 1 R)i(vR Ri! (vR
o = 3 U@+ Vol RinloR) 4 REGRY,
e a(yR)kn(yR) + YR, (v R)
Thus p©* will have a second order pole at YR = —2 or s = — %,
If the sphere scatterer has a specific-acoustic-impedauce (neither soft nor
C11(s24 9
hard) coudition (equivalent to a(s) = %T;li-))

pos(s? + 54)
Z(8) =5
11(5‘2 1 ﬁ)

4c¢

then p(*9 will have a third order pole at yR = —4 or s = —%.

Inn [12], Sancer showed that for acoustic scattering SEM poles are simple,
but there is no contradiction. In that reference, the iimpedance condition
is not considered in the proof and Sancer used a hard acoustic scatterer to
derive the simple pole behavior for arbitrary shape of scatterer, with which
our results agree.

18




3 Scattering from a lossless electromagnetic
sphere

3.1 Introduction

I this section, we are considering the problem of a plane wave incident on a
sphere (with perfectly conducting surface and lossless sheet impedance load-
ing respectively) as illustrated in figure 3. An E wave has been chosen as an
incident electromagnetic plane wave propagating in I; direction. The scat-
tered solution as well as the surface current density can be written explicitly
using vector spherical harmonics. In the case 1, a perfectly conducting sur-
face, we will briefly summarize the work done by Carl Baum, which shows
that there exist ounly first order scattering poles. In the case 2, a lossless
sheet impedance loading sphere, there exist 2nd order scattering poles for
some mathematically chosen boundary conditions. Foster’s Theorem is en-
forced on the impedance function Zs(s) to guarantee it is a realizable physical
boundary condition.

3.2 Formulation of the electromagnetic scattering prob-
lem

Define a set of orthogonal (right-handed) unit vectors by

=l
—

= sin(#)) cos(¢) 1, + sin(8) sin(¢;) I, + cos(6;)1,
= —cos(f;)cos(¢)1, — cos(f))sin(py) T, + sin(f;)1,
3 = Sill((;)l)i['z =5 COS(¢I)Ty

1

(%)

{

As shown in figure 4, 1; is the direction of propagation and 1, and 13 are mu-
tually orthogonal unit vectors, each orthogonal to 1, to indicate the polariza-
tion of the electromagnetic fields in the incident plane wave. For convenience
I, is chosen in a plane parallel to 1; and the z axis (E or TM polarization if
the electric field is parallel to 1) while 13 is parallel to the z, y plane (H or
TE polarization if the electric field is parallel to T3). In free space, electro-
magnetic plane waves have both electric and magnetic fields orthogonal to
1,. Thus only 1, and 15 are concerned. This removes the L functions (details
are shown later) in the expansion (plane waves have zero-divergence fields).
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We can use the relations between Cartesian and splierical coordinates

x = rsin(f)cos(o)

y = rsin(f)sin(¢)

= = rcos(f)
I, = sin(8)cos(¢)L, + cos(6) cos(o)ly — sin(o)1,
I, = sin(d)sin(¢)L, + cos(6)si(¢)1y + cos(d)1,

+

. = cos(0)1, —sin(f)1y

to express the incident-wave unit vectors in terms of (6;,¢,) and (6, ¢) as
I, = [cos(81)cos(8) + sin(8,)sin(6) cos(¢ — ¢1)]1,

4+ [— cos(6;)sin(f) + sin(f;) cos() cos(¢ — ¢1)]1y

+  [—sin(6;) sin(¢ — ¢1)] 1y

I, = [sin(8))cos(8) — cos(d))sin(f) cos(¢ — ¢,)]1.
— [sin(#,) sin(@) + cos(8)) cos(#) cos(¢ — é1)]1,
4+ [cos(8;)sin(¢ — ¢1)]1,

Iy = —sin(8)sin(¢ — ¢1)1,

— cos(f) cos(¢ — ¢1)1g

— cos(o — 1)Ly
Having the direction of incidence and two polarizations expressed in spher-
ical coordinates we can go on to express the response to some delta plane
wave functions. For an incident delta function plane wave we need spherical
harmonics and vector wave function in which to express the expansion in
spherical coordinates. In spherical coordinates we have the common differ-
ential operators as

. 0 - 1 d - 1 d

~

)

M = ITEF+16;%F+1¢TSi11(6)G_¢F
~ R 1 9 1 0
b ng(? Bl rsin(6) 90 5 Sn@)Fo) + 7 sin(f) %F¢
- L I, & 1 @
/R [ F, —Fy
s [r sin(6) 96 g S (O)Fe) — rsin(6) 8o )
1 9 19 1L 10

Tg[m 80(5111(0)F ) = ;E—(T'Fd, ]+ 1¢[—— TFg) — 7—%[,]
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~ 0 = i @

V,F = 19%F + 1"’sm( )5¢F
, 1 1 95
Vi B = sin(f) 08 (5111(0)F9) sin(0) ()d)
R b o
V, x [ = 1 [8111(9) E—(Slll(e) Fd’) - 51n 0] [Slll(g) 8—-¢Fr]

Spherical Harmonics

The scalar spherical harmonics can be written as

Fomi8.0) = 000 0 |

wlhere P,(,,m)(.T) is the Legendre function defined as

i 4"
o
2l da™

dm
P) = ()= T Re), Pala) = Pa) =
Vector spherical harmonics are defined as follows

Ponpl,0) =  Yono(0, 01,
mp(0 (b) = vs}/n,m,p(e, ¢) == Tr X an.m,p
n mp(e ¢) vs X Pn,m,p(ew ¢) = _Ir X Qn,m,p

They also are mutually orthogonal in an integral sense on the uuit sphere.
The spherical scalar wave functions are defined as

Estl,)m,p(’yf) = f7(tl)(’7r)P7(Lm)(0’ d))

where f,(,l)('yr) = g(7) . fr(f)('yr) = kn(y7r) are modified Bessel functions.
They satisfy the Wronskian relation

W {sin(s), skn(s)} = sin(s)[skn(5)]) = [s7.(5)] skn(s) = —1

v = [sp(o + s€)]/? with p, 0, ¢ are permeability, conductivity, permittivity,
respectively. s is the variable of the two-sided Laplace transformation. Co-
efficients times the scalar wave function Eg,)m,p('yf') when summed over all
possible indices satisfy the scalar wave equation which for each function we
can write in operator form as

[V -8, () =0
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From the solution of the scalar wave equation one constructs as usual the
solutions of the vector wave equation of three kinds.

Lgm )= : V_n mp{Y7)
A[r(tl)mp(’yf') = Vx [T:-nmp ’77—')]
’Vr(tlm p(’y’r—') = lv X AL(le p(’ym

Note that all three kinds of vector wave functions satisfy the vector wave
equation in Laplacian form which we can suminarize as

L'Ell,)m,p
[VZ - 47 M{{}n’p =0

i¥n,m,p

We can also write a curl curl wave equation for only the second and third
kinds of vector wave functions as

M,
[VXV+’Y]{ () "}:O
Na.mm

The three kinds of vector wave functions have some interrelations as

]\A T(ll,)m,p(,yf') = —9rx l:g.)m,p(’yf')

D, (7 = =1V x N p(y)
§ 1)
T(Il‘zn,p('yf') 5 1V X A/[T(me(’yf')

It 1s also useful to write them as

in mp ’Yf) = [ 7’ ] Inmp ¢) e [-/'7(1”(A/".)](}n,"hp(()' O)/’Y’
’\Ir(zlmp = [ (l) 'Y" ]R’nmp(g (]))
’\17(Ll7n p(’y,*) = {” n -+ 1 [f(l ’)/T ]Inmp 61 é) + [’yl'_/;()vl)(’}"7')],(}“,-,&1,((), ())}/’VI'
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Plane wave in spherical coordinates

As shown in figure 3, the delta function plane waves (transforimed) can be
written as

[etir _ z Z 3 (@ mp M (77 + B, N0, ()

n=1m=0p=e,0

1 6—711 e Z Z Z [bn mpr,(llmp '77:‘) a,, m,pN7(LlTT' P(FY’,-‘)]

n=1m=0p=e,0

where
! —[9_ bl 2ntl (a-m)t PS(cos(ay) | — sin(mér)
Gmp = I-Z 10‘7”]( 1 n(n+l) (n+m)!m sin(fy) { COS('HLQI)
; e _1\n_2ntl (n=m)! dP{™ (cos(r)) | cos{may)
b = [2= lom](=1) n(n+1) (ntm)! df sin(ma)
Note that we have
1 o=yl 7 sl
—VX;lzevlﬂ] = lze™ "
5
1 T =y T —y1LF
_Vx[lsevl‘] = —l,e Mt
v

which is associated with the curl relations between the M,Sfln,,, and 7{(’,(1,{1,,,,,
functions. Furthermore any divergenceless electric field expansion (E) can
be converted to a magnetic field expansion (H) by dividing by the wave
impedance Z of the medium and changing M,(ﬂn,, to — N Wty arvd V,(,lm p to
M,(LQH,V To go from HtoE nmultiply by Z and change M,(L,m,p to N”,m,p and

N7(Ll)m,p tO . AA[r(Ll.')m.p

Solution of the scattered field

Define our incident plane wave as an E wave (TM wave)




Expand the fields for r < a as

Ein(7,s) = Eq Z Z > [0 g M (07 + 8y s N, (4]

n=1 m=0p=e,0

5 E 5
[11" S = Z Z Z [bnmpA{T(l.lm p 7F) - (17, mpj\'7(11mp(7f)]

n=1 m=0 p=e,0

The solution of the scattered fields for r > a can be written as

EO Z Z Z [azlm,pAL(lzmp W’F) + blrlzlm pA7(12m p(lyr)]

n=1 m=0p=e,0

I_' ? Z Z Z [blrltlm P [T(L2m P ’YF) - aIT:/m P V7('27)” P(’YF)]

n=1 m=0p=e,0

3.3 Perfectly conducting sphere

Carl Baum showed in [2] that there only exist simple poles for perfectly
conductor sphere. Here we will just briefly repeat the same argument in our
context. Constrain the tangential electric field to be zero on r = a, we have

I, x [F”,,(v s)+ Es,(7 s)| = 0. The we get

1, x [al,, MY (val,) +a” M2 (ya

n,m,p nmp n.m,p’ ‘nm,p

T (b, N (yal) 4+ 0" N& (5

n,m,p 'nmp n,m,p’ ' nm,p

]l =
)] =

1 S

al,
al,

This give equations for the coefficient as

a” _ ln(’ya) Al
b/// — [ (,CI ]I b/
n,m.,p [ " ’7(1 ]/ n,m,p

To see that the poles must be simple poles we just need to show that all
the zeros of k,(s) and sk,(s) are simple zeros. Since k,(s) satisfies spherical
Bessel function we have

2 d? d

- — k(s )+25d ko(s) — [s% + n(n+ D]k.(s) =0
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Suppose the zero is higher than first order, say a 2nd order zero at s, # 0.
Since both k,(s) and k] (s) have to be zero at s,, so does k!'(s). Thus, the
zero must be at least a third order zero. Repeat the same process, we will
eventually have all the derivatives at s, to be zero, thus the function must

be identically zero. So there exist only simple poles for a;; . . The argument

for b, ., is similar as [sk,(s)] satisfies the Riccati-Bessel equation

B 0] - sf9(s) = 0
s2+n(n+1)ds? sha’(s)] = sfa’(s) =

For more details of the perfectly conducting sphere including surface current
and charge densities please see [2].

3.4 Scatterer of spherical sheet impedance loading

3.4.1 Lossless sheet impedance

Spherical coordinates (7,6, ¢) as in figure 3 are one of the few coordinate
systems in which solutions of Maxwell’s equations are separable. In partic-
ular let us assume a sheet impedance Z,(s) (a scalar) which is located on a
spherical surface give by » = @ and which is independent of 6, ¢. This sheet
immpedance relates tangential electric field and surface current density as in

(3], we have

T B(,0,6,5) = Z,(s)J:(0, 6, 5)

€ € 3

1, = 1 —1,1, = transverse dyad
«—
1 =identity dyad

~ stands for two-sided Laplace transforni. The surface current density is i

turn related to the magnetic field via
1, x [H{a+,0,¢,s) — H(a—,0,¢,5)] = J,(0,0,s)

The sheet impedance function Z,(s) also has to satisfy Foster’s Theorem to

guarantee lossless boundary conditions.

27,




Foster Theorem

In [1], a positive real function F(s) is an analytic function of the complex
variable s = ¢ + jw, which has the following properties:

1.F(s) is regular for ¢ > 0

2.F(o) is real

3.0 > 0 implies R[F(s)] > 0

A reactance function is a positive real function that maps the imaginary
axis into the imaginary axis.

Theorem: A real rational function of s is a reactance function if and only
if all of its poles and zeros are siinple, lic on the jw-axis, and alternate with
each other. In other words

s(s* + wi)(s® + wi) -+ (s* + wi,_y)
(s + wi)(s? + wi) -+ (s? + w3,)
is a reactance function, where k = 2n —2or 2n, K > 0,0 < wy < w; <
<L W1 < Wy, < OO
Theoremn: A rational function of s is a reactance function if and ouly if
it is the driving-point impedance or admittance of a lossless network.

v(s) = K

3.4.2 Solving the scattering problem

Matching the boundary coudition on r = a, with the sheet impedance and
continuity of the tangential electric field gives

T [Buc(a+,0,0.9) + Bula+,6.6,9)] = T - Bunla—,0.9,5)
= Z.(s)J,(8, ¢, 5) ) )
Z(s) [111,,,_. a+,0,¢,s) + Hy(at.6,0,5) — Hin(a—, 0.9, s)]

Plugging in the expansion we derive a system of equations involving a’
/1 III 1! 1"
b b Solve for a;, ,, , and b we get

n,m,p* nm,p’ nm,p* n,m,p

n,m.p?

!

” a’n.m,p

nm,p — s _Zf%(ya)?in(’)’a)kn(ﬁa)

/
b// n,m,p

nmp e f(QS_)hai"(fya,)]/['yakn('7(1)]/
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Now the surface current density is

Fio, d.s) = Zl( )‘1_[ . B(a, 0,0, 5)
- - /1 a'?’n ’Ya
Z 'IL m p (fya')R’ﬂ- m p(a ¢) bn m ph—’m—)]Qn m 11(0 Q)]
n=1 0 p=e,0

3.4.3 Existence of 2nd order poles

The coethicients we care about concerning the existence of a second pole are

_ in(vya) 1 Yain(ya)]’ 11 Yer ot . L
0= Z 5 mp and c; = AT bpmp- Let’s give a simple exaniple showing
that a sccond pole does exist for coefficient ¢,. For simplicity, let’s assuimne

va = s. Consider the sheet impedance function

: (362 +e+3)s
Zy(s) = ~o—g —%—
S +§6+ 1

Clearly Z,(s) satisfies Foster’s Theorem with K > 0 and wy > 0. The
expansions of i,,(s) and k,(s) are

ka(s) = e i M

s g 3 n-J)
= —[ 1™ ka(s) — kn(=s)]
For n = 0, the denominator of ¢, is
De(s) = (de®* +4) s+ (4 +8e+4)s+1+2e' 7 +2e+e7?

It is easy to see that De(—3) =0 and iDe(s)\sz_% = 0 or in Taylor expan-

sion around —%

De(s) = ((16e+4+4¢%) <S+%)2+<—53—66— gei’) <s+ %)3+O <<s~ + %)4>)

Thus we derive a second order pole at s = —=.

8=




In general, we want to construct a sheet impedance function Z,(s) =

(gg‘:w such that ¢, have a second order pole in the left half plane of s mean

while K > 0 and w > 0. The denominator of ¢, has the following form

[)(‘(S) = Ks+ (_Szin (S) - S3disin (S) —wiy, (9) —w S%in (5)> I (5)
: d d d
e e AG e o g m o e
+ ( $%in (s) — s dsln (s) = swin(s) — s“w dsZ“ (s)) dsk" (s)

We want to solve De(s) = 0 and %De(s) = 0 for K, w in terms of s. The
solution s, must satisfy s, < 0, K(sq) > 0 and w(s,) > 0. For n = 0, that
is to solve

e - e AT 6P e e ey —
DR e Yo B8 iRm0 0= o

The solutions are

s{e™**+2e7%27 4+ 1)
2se 254+ e 2941
s?(—e72 4 25e72¢ — 1)
2 g i ]

K=-

w=-—

From figure 5,6. approximately when s is chosen from —0.64 to 0, both K’
and w will be positive. Pushing the poles to even a higher order is not done
liere. In order to construct a high order pole (including the 2nd order case), a
transcendental equation has to be solved analytically which in general is not
possible. This is different from the perfectly conductor sphere case, where
only a system of linear equations need to be solved.

[t seems to us that it only works for coeflicient ¢; with n = 0. For n > 0,
there is no region in the left half plane of s. Although we don’t have a rigorous
proof of that, it seems to be the case. We tested with many different n, K
and w. K and w will have either different signs or both will be negative.
For cocflicient ¢;, it doesn’'t work either. We tried to include more terms in
the Z,(s) according to Foster’s Theorem (i.e. more w;) with larger n, but it
is not helpful for this case. Figure 7,8 show some results of different cases
with different n , K and «;. There are no regions for which A" and w are
positive simultaneously. It is likely that for lossless sheet impedance loading
boundary condition, nost scattering poles are first order.
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Figure 7:
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4 Other scattering results

In (6], a canonical problem consisting of a junction in a transmission-line
(single conductor plus reference) of a common characteristic impedance Z,
onr both sides of the junction has been considered. Scattering from such a
junction is only forward and backward. It is shown that scattering from a
lossless, reciprocal network at a transmission-line junction can have a sce-
ond order s-plane pole. In [5], Carl extend the previous results to a more
complicated scattering at a junction of transmission lines. A transmission-
line structurc which mimics polarization has been considered to make the
problem even closer to the electromagnetic case. An incident wave is propa-
gated as two orthogonal polarizations on a four wire transmission line. This,
in tur, scatters forward into a similar four-wire transiission line support-
ing two orthogonal polarizations. Those work gives an closer simnulation of
the elecctroniagnetic-scattering casec, contribute to the discussion concerning
3-dimensional electromagnetic scattering froin lossless, as well as perfectly
conducting targets.

5 Some analysis on the forward-scattering the-
orem on the scalar wave equation

5.1 Formulation of the scattering problem from a scalar
wave equation

We start fromn the simple scalar wave equation in a 3-D region 2, and suppose
c=1

Uy = V2U

a(x)u + B(x)u, + y(z)u =0

Let's call Bu = 0 the boundary condition, u, is the outward normal.
Sumply applying a Laplace transform we get

s*i = V4 Bu=0
From now on, all the computations will be done in the Laplace s domain,

except when otherwise indicated. We want to explicitly compute the scat-
tered solution 77,("’”)(7', s), assuming an incident plane wave 7" (7, s) coming
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in the z-direction (i = 49 + 4(™9). Let S, denote the unit sphere, pa-
rameterized by the usual angles 8, p. Suppose & is the incident direction .
wE S

wy = siné’ cos ¢’
wy = sin §' sin '
wy = cos @’

Suppose the incident plane wave in the time-domain is uf”’”(;’f,t) =
A(l — & - ) propagating in the & direction. Then 40" (Z, s) = A(s) . ™57
(_just the Laplace transform of u(""cA) ). The boundary condition becomes
B(s)at(&, s) = —B(s)a™(Z, s) , B is the operator for the boundary con-
dition. Suppose we write the sca,ttored solution 409 (Z, 5) = A(s)- U(«, 8, 0).
Then B(s)U(Z, s:5) = —B(s)e™**% on the boundary. We can expand U in
spherical harmonics outside of a sphere containing (2.

(T, s;3) Z Z Lmn (83 @)Y (8, @) ks{78)

n=0m=-n

mTe

When r — oo, k,(rs) ~ Z

- r: , k,, 1s the modified spherical Bessel’s function
(good at infinity). let ¥ =rd, r > 0, § € & § is parameterized by (0, ),
thus U(Z, s;0) = U(r, 0,0, 50, ¢) ~ “=v(8, 0,6 ¢, s) and

0(0, ¢ ZZ (8, ', $) Yo (8, ) = 0(d, &, 5)

n=0m=-n

5.2 Representation Theorem

o (? grig=yls e”le=vls 9 e
i) =~ [ [ ) (L atayy)lda,

auy |z — y| l& =g "8
o9

] 5—15 the outward normal derivative,
Vy
&, s have been omitted for simplicity (always there), dA, means integrating

over y-area.

Here, the parameters x, y are vectors

Proof:
e P20
¥ ro (8r2+r(')7‘) r
T




Figure 9:

0 D

R

Ball of radius R centered at x




r is the radius centered at x

:///a(f")v?e (V) gy =0
i - iy T 7
D

by Green’s identity, the left hand side also equals to

—lz—yls e~ lz—yls
[ [iwee ) - il (@)

('91/ |z — ¥ |z —y| Oy
o0
—Rs —Rs —Rs g
Ar R0 () (—s o _ €y _ O .
//17TR (@9 (y)(—s 7 Rz) R ((91/yu ]dA (23)
r—y|=R
//4m2[ﬁ(9"’(y)(—s€_“ e emes(i O yN]dA,  (24)
¢ & ¢ Oy,
lz—y|=e

d,-iy mearns integrate over a sphere with surface area = 1. In equation(22)
”‘—;3(%&(“ (y)) is ~ st “)e ~ + o(7z) and it’s easy to show that (23) — 0
as R — oo for Rs > 0. Equatlon (24) — 47009 (z) as ¢ — 0 (behaves like a
d function).

Thus, we derived the representation for

—|z—yls —|z—yls 9
A(s() sc) 0 € 7 _ S sy,
i) [ T - A

a0

For the far field pattern, we want to look at terms like limre™a*9(z) |
=200

because that’s what v looks like. (Note fixed origin x =72, £ € &)

|l — y|2 =|rz — y|2 =72 — % Y+ |1/|2

2 4 1
|I—1/|=r\/1—— —l—m:r—i"y—%—()(;)

¢ —|x—yls F(T y)s+o(

1
. = = s el@)s
| — vyl 1+ 0( )

re

asTr— oo
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Thus , we have the representation for v in the far field

0 "
Wi (sc (1‘ y)s ( sc) (£y)s1 .7 A
1 (l //[ ()I/y ) ((),/ (y))e ]dAU

o)

Note e¥s = glinc)(y: —3)
Apply Green’s identities inside §2 (for incident wave, good at the origin)

/// inc) v? (mc( - ) v? inc) (y tIj)a(mc)( )dlu

) )u(inc)(, i —.f:) ('),&(inc)( ‘.‘l-‘)
sline) g, . o~ ¢ Y, _ Y, (zn(‘) dA
[ [l G ) - (e )

o

siimilarly, apply outside €2 and use the radiation condition (Rs > 0)

. a&(sc)(y _1".) aa(st)(y J))
408 (0 ’ - ’ ) #)]dA, =
| [ S E - (e s, o

o0

5.3 Reciprocity from boundary conditions

Let us assume general boundary conditions like

A

alx)st + ,3(Jr)ﬁ +y(x)u=0
Oy,
rewrite as Jagf)w) + A(s) ) = Ha”(mc) — A(s)aline)
Cousider 2 cases:
i) Dirichlet: 3 =0,A=1
ii) mixed: 3= 1;RA(s) >0

case i):
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V(g @, 8) = //[ (sc) 6(11/ o = (()0 &(SC)(y))(‘(i-y)s]d,qy

1%
o0 Y
(inc) o (s¢)
o (sc) ()“‘ (l/ T) ()“ ( ) (mr o dA
- //[ (91/1, ) (’)Uy (J l ] v
o1 (SC (inc) ~
= //( u y w (s(-( —;i:) A(zm)(y )M]d‘“
o0 @iy
()It(s . _‘L SC ~inc (()ll("’Lc (y ‘)
= o [ [ e ) -ty - P D,
5 gy vy,
Bu(”“ (y; @) O (y; -2, .
= [ (SC‘ -1 : ( . )ﬂ(”“ (I/ u,‘)]d 1
/on/ “ vy
= v(-w,—-1,s)
case ii):
8u(zn( ( _,‘T*.) a&(v()(y:}) -
e = [ [ O
o vy (78
()u(”“) (y; @)\ .5 Au) (y: — 1)
— (inc)f,,. _aY _ ~(sc)f, ..~ s
/d | / iy —4) - 9y s B

+A(s) ("“)(U —8)[a" (y; ) + 2 (y; )]
—A(s)aL (y, O)[at) (y; — &) 4 48 (y; 7))

. ., 00 (y: —7) D05 (y; &) i
_ B ~(inc) (.. ) = ) (se)fi... =
4#//[u’ (w3 &) vy ) @ (y; —)]

ovy
a0

+A(s) [ (y —i)”"w (y; @) — 04 (y, &) (y; —32)]

Hu("” : s - e ot (y: — 1)
- 5 [ [ - i o)

0N

= w(-&,—#,s)
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There are more general cases in references [8] [7].

5.4 Forward scattering theorem based on energy the-
ory

Define the total energy to be

1 .
[’7[) Z///—Q‘(ll?—F V’HP)
dFp
— 7
dl HiAs
Integrate the outer flux term ff - 2% over time, we have
/’“//du ou
0 dt (')I
£

(by Parseval , assume real u)

- [ o ZR = [ ] fritnn 2

i ‘)'A —s ) (ine) =
//g'f/(yq) : (LL(Ilj—,S) — //S?l(lrt() e ou (U 5) (25)
] h or

S
i) (y, —s)
(m() N ( /s 2
//su s —(97* (_ )
J7;(inc) o
//su“‘)(u ) W (y ’) (2
o
(sc) —y
// (9()(1/ S ()U (y“ ‘S) (2(\’)
or '

10




term (28) when R is large and s purely imaginary,

= _52//1'(:07"-:"; S)l'(g,._:}; _S)dA
.

term (25) = 0 , since 40" = ¢ 49 = R232( [0 -5 =0
S
term (26) + (27) ~

o R BET sefts . e
" / /(Sf' s (§, w; —s) + ——v(g, w5 5) - sw - ye™ ¥
: R R
I

— RS‘2/ /(‘Rﬂ(l -w-g) R U(:l},(.:}; _S) + \.:J . :l:/f'_Rs(l- Q-y)qy(g’ (.:J, -5)
1

Suppose w = ¢z, in coordinates W - § = cos !

27 m

//(‘Rs(l Vo, @; —s) = / / efel=cos8) (0, p; —s) sin Bdfdyp
o Jo
27

1 i d
— (0. o —s ,Rs(l—(‘)io)d.ﬂ
0 /r; T( ’507 S)dG() i

- Q”W 0, =5)e% = v(0, ), )]

/ / _,“ . )PRs(l r‘osO)ded o

= Zfo(m, 0, =50 — (0,0, =) + ol
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2m n
//Cu-y ~Re0=Rulg (Rl g] = / / e~ fo(1=cosb) (8, p; 5) cos B sin Odfdp
o Jo
2w

d 10
- / Cosede —1?5(1-(0.5”)(1;;

= R—[v (), —s)e” 2 1 1(0, (), —s))

+—/ / prik v(8, p; 5) cos ]ef* (1= dgq,

2 —2Rs ‘ L l
= E[’U(?T,(),S)B . +1(01()75)]+”(R)

While, the last step 1s not completely obvious here. We've used the
metliod of stationary phase to determine the asymptotic behavior for R large.
For example,

1/2
27 ] 4 (17r'vl

i d
/0 d%[l @; s) cos BleReli=cos gy E[u((),g:—s)cosﬁ]‘ho[m

combine (25) 7 (28) energy flux for R large , we get

//su(l/ s M //v g,w; s)v(y, w,—*?)dA

-+27rs[1)(—uf) &; —8)e2B — (0, 0; —s)]

+2ms[v(—w, 5 8)e 2 + v(©, &; )]

since 27rs[ ( —0,w; =)+ o(—0, U s)e 2R is odd in s, so
[ 2msle(—w, w; —s)eR + v(—0,0; s)e™ 2] =0

Energy flux:
/ / 0§, 5)u(l, @5 —5)dAy + 2ms[o(@, &1 5) = v(. & —s)]
S1

For a lossless scatterers the net energy flux=0 i.c.
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. 9
//1'(_1),&): s)u(g,w; —s)dA, = ——ﬁ[l'(i,',d); s) — v(w, w; —s)] (29)
S

S
which is the same as the ones in [4] analogous to (2.4) (5.6) (6.6).

5.5 Numerical results

Suppose we have the following wave equation and Dirichlet boundary condi-
tion.

Assume an incowning plane wave is in the z-direction i.e.

ﬁ(in() _ F—s(0,0~1)~(r‘y,z) = ™%

We want to compute the exact scattered solution u'*).

5.5.1 Background information

Legendre’s polynomial and spherical harmonics use Rodriguez’ for-
mula, the Legendre polynomial can be written as

1 a
 2nnldzn

Pu() (2 - 1)"

Orthogonality relation:

! 2
P (z)P,(z)de = —————4_,
| Pe@Pas = =i,

If the problemn does not possess azimuthal symmetry, we will need asso-

ciated Legendre functions. For m =0, +1,£2,... +n
Associated Legendre functions are

( o 1)111 d‘n.+m

P™(z) = 5 '(1—12)’”/‘2 % — 1>
"n!

dxnt+m ( '

43




Properties and Orthogonality relation:
(n — m)!
(n+m)!

: 2 (n+m)!
P'"’L P"L d — (5 p
| Pr@pr@i = = B,

k= (=0

P (z)

Notes:

1. P,(x) forins a complete orthogonal set for the expansion of functions
of the variable x

o

P (cos(8)) - e forms such a set for the expansion of arbitrary func-
tions on the surface of a sphere.

Spherical harmonics are defined as

2n+1(n—m)! -
ym 9, N pm f)) - ity
n ( Y) \/ 471' (Tl + 771)' " (COS( )) €

Orthogonality relation:

27
[yroony = [ [T o060 mois = o,
4w

Modified spherical Bessel’s functions Hankel'’s symbol
(3 +n+k)
k'I‘( +n—k)

Modified spherical Bessel’s functions are the solution to the equation

(n.k) =

220" 4+ 220 — [+ a4 Dw=0

[1L+% (:)

{(_—nwiﬂjn(zeﬂ'iﬂ) argz € (—7(.7(/2]

N
[y

o
Il

ey (532 arp 2 € (7/2,
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Expansion of i,(z)

Where
Rin+1,2) =30 o(n+ 3, k)(22)7*F

[T ..
k”(Z) == ;I\n+%(z)

Notes:

in. Kk, are the particular solutions we will be using later omn. i, behaves
good at origin, while &, behaves good at infinity.

Some useful expansions

p2eos0 Z(Qn‘l’1)[\/§[n+§(z)]])"(0050)

“~

n=0
= > (2n+ 1)in(z)P.(cos6)
n=0
poFeost 2(2”_'_1)(_1)"[\/;[1L+%(z)]l),l(COS())
n=0
= Z(2n + 1)(=1)"4,(z) P(cos )
n=0

5.5.2 Computation of the solution

We already have the expansion for the incident wave

f(n0) — =5z _ o—srcosf _ Z(2n == 1)(_1)117:”(37_)}%((,039)

n=0
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The general scattered solution(in this case) has the form

m=n

Z (sT)Y, " (0, 9)

atd) =

o0
oC
E a, )P, (cos 0)
n=0
The second line comes fromn azimuthal symimetry. I our case, the system
is symmetric about p, thus m = 0 i.e. no m dependence, then we have a
simiplified form.

Applying the boundary condition, at r = 1

oatne)

on

(>

on

A (inc)

= —a(s)u

a(s)a*? + 3

n is the outward normal, i.e. r in our case (sphere). We get
an(s)[a(s)kn(s) + Bk, (s)] = (2n + 1)(=1)"" [a(s)in(s) + 53, (5)]

(=1)"*1(2n + L)[a(s)in(s) + sBiy(s)]
a(s)k,(s) + spkl(s)

(=
Then

50 — i (— )1’+1(2" + D)a(s)in(s) + s3i,(s)]

l“n ST Pn COS 0)
n=0 G/(S) 'n(‘s) -+ Sdk;(s) ( ) (
Let’s look at the far field pattern r — oc, k,(sr) — %es:r Ceihods
behavior)
‘[l(:,() _ _E n+1 27L+ 1) a( )Zn( )+ 3/37;;(5)] })"(COS (})
L SVka(s) + sOK,(5)]

By our previous definition
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(=)™ (2n + D[a(s)in(s) + $87,(5)]

v#,&8) = 5; S8 kuls) + 8BR,8)] Eyilessi)
- ggvn,(s)Pn(cosﬁ)

For this v, (29) should hold.

For sinplicity, let’s assume a Dirichlet boundary coundition i.e. «afs) =
1,d = 0 to compute the singularity expansion and check the numerical re-
sults.

5.5.3 Singularity Expansions

We will perform a singularity expansion as we did in [4], finally we will see
it holds (numerically verified). By using the expansion for i,. k,, we have

(=1)"*1{(2n 4+ 1)i,(s)

u(s) = e

(25) '[R(n + 3, —s)e’ = (=1)"R(n + 1, 5)e"
TG Rt L, 9)s
_ (2n41) (1™ R+ L —s) , 1
[ R(n+ %, 5)2.5- e* + :}

— (~)En+)

i
Consider

(~1)"™R(n+ 1, —s) _ Qi)
R(n+1,s)s 2(s)

It is easy to see that QT, )% are polynomials of degree n, n+1 respectively.
From the property of 4,, k,,, we cau conclude Q7. Q5 do not share zeros and
zeros are siinple.

Suppose Q5(s}) =0 for j =0,1,...n

Qi) _ v _CF

Qils) ~ Zs— s

J=
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o Q)
°3 d n(.n
$Q2("’j)
Proof of (.7'-"

Suppose Q3 (s) = BI['_(s — s7), we multiply Wi;((:)_s‘) = D 50 éﬁ?
by (s — s}) and set s = s%,. We get
(“‘" - QTL( n) - QTIL(SJL/)
BH] 0];6] - 'Q;L) d_(ng("'?/)
Thus, we have the singularity expansion
M+l CF L 17
va(s) = s [ZS—.‘J"F +gd
1=0 7
- o
U= g Un(8) P, (cos B) (30)

5.5.4 Connection with the forward-scattering theorem

In [4], Dr. Carl Baum suggests the following form for the scattering dyadic,

- _[3 9'.1]’:
2 ina e . .
K (L, Ts) = Y —(~1,)éu(Ly) + entire functi
( s) Z: = Co(—1,)Ca(1;) + entire function

(In our case, it’s just (30)) and derives the following equation,

7 £ _. 27 _ .,
/ Ea( ) z ( T 11 _Sa) = __Ca( 15 ) ('31)
51 ,70

which we are going to verify in the next part. In order to derive an
analogue of the above equation from (29), we will follow the same procedure
as in [4]. Since there is an infinite sum in the integral, we will also use the
orthogomnality to siiplify the equation.

Inn (29) , let’s multiply both sides by s — s%, and take the limit s — s,
(s is one zero of QF , s # 0) , using the orthogonality of P, we get

S i W41 . g
2| TP c0s0) Y tn(~h) Palcost) = =% SO, (cos0)
4m n=0 g

T
2 T st
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Table 1: Coefficient C7 forn=1,..,5 7 =0,..n

1

-1 -1

-1

-1

-1

2.564e-016 - 3.46411

-5.1583 + 0.675421

2.2877 + 6.9041i

8.3088 - 5.0423i

2.564e-016 + 3.4641i

-5.1583 - 0.675421

2.2877 - 6.90411

8.3088 + 5.04281

: 12.317 -2.2877 - 30.5961 111.19
-2.2877 4 30.5961 | -62.905 + 12.5111
-62.905 - 12.511i
Table 2: roots of Q3(s) forn=1,..,5j=1,..n (s§ =0)
n
-1 -1.5 + 0.866031 | -1.8389 + 1.75441 | -2.1038 + 2.65741 | -2.3247 4 3.571i
-1.5- 0.866031 | -1.8389 - 1.7544i | -2.1038 - 2.6574i | -2.3247 - 3.571i |
] -2.3222 -2.8962 + 0.86723i -3.6467
-2.8962 - 0.867231 | -3.352 + 1.74271
-3.352 - 1.7427i
7r = 2 2w
= v(=53)[Pr(cos 0)]" = ——Pr(cos0)
4m a
2n4+ 1l CF L. 1 Sl 5 2
= = [ e “+—]- [P (cos )] sinfdbdy = —— P, (cos0)
2 T - —gn — g7 —g" 0 0 sn
]:0 @ J o a

Simplifying we get

- @ . 1 1
S — =~ By(1) (32)
= Gl s}‘ =5 Sk

Finally, this is the equation analogous to (31), which we are going to

verify numerically.
C7' are the coeflicients of the singularity expansion. s} are the zeros of
5(s), which are also the zeros of k,(s), s, is anyone of s%, s}, # 0
For your reference, I computed all the C , 5%, error=|LHS-RHS] of (32)

J b
See Table 1, 2, 3
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Table 3: Error for each s} and forn=1,...,5

n
0 | 1.1525e-014 | 2.1245e-013 | 4.1905e-012 | 5.1391e-011
1.2012¢-014 | 2.1245e-013 | 4.1905¢-012 | 5.1391e-011
%! 3.6948e-013 | 1.9759e-011 | 6.9491e-010
1.9723e-011 | 3.9091e-010
3.9096e-010

5.5.5 Legendre’s addition theorem

If we apply Legendre’s addition theorem [10] to the above results, we can get
a more general solution for arbitrary incidence direction.
let 71,72 be two unit vectors with components given by

71 = (8in 6 cos ¢y, sin 4, sin ¢y, cos 4,)

T2 = (sin , cos @, sin b, sin ¢, cos By)

The angle between 7, and 75 is v , defined by

Ty - Ty = €087y = sin §; sin 6, cos(¢; — ¢3) + cos 8, cos b,

(n —m) '
P,(cos7) Z f,,, gy P (cos 1) P (cos B) cos m(¢y — ¢2)
m=0
co=1lande¢,, =2form>0
In terms of spherical harmonics , we have
B2 =1 W)Y
o) 2n+l ;n )

Thus, the incident plane wave can be written as

o0

e = Z (2n+1)(

n=0

m
Ln sr g em
n+m

P’”(cosé’ )P (co

' n

s 6,) cosm (g1 —¢a)
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or in terms of spherical harmonics

n

: - a7 — =
~(inc) __ ’ L\l e mes \ym{.
87 = 3 on o DD i(or) s 3 VPGV

n=0 m=-n

in which, we can define 7; as the incidence direction and 7, as the viewing
direction for appropriate choice of ~.
Thus, the scattered solution(30) becomes

7r o0 47{_ n
V= — E U (8)=—— g Y7 () Y™ (r
2 "( )2777+1 T ( ) n ( )
n=0 m=—n
which has almost the same form as appears in the [4]. This form can
be used to deterniine any incident direction 7; and scattered direction 75 for

appropriate choice of .

6 Conclusion

We show that for acoustic scattering problems arbitrary order scattering
poles can be constructed with certain lossless impedance boundary condition
unposed on the sphere. While for the hard and soft sphere, there only exist
sitnple poles. For the electromagnetic scattering problems for spheres with
lossless sheet impedance loading boundary conditions, 2ud order scattering
poles can be constructed. There only exist first order poles for the perfectly
conductor sphere. The validity of the acoustic forward-scattering theorem
(scalar wave equation) have been analyzed as well as some numerical exper-
iment of the theoreni.
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